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k + dC ≤ n+ 1.
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W ⊆ Fnq
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W := {(a1, . . . , an) ∈ Fnq |ai = 0 ∀i ≥ dC}.
#
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dimW = dC − 1  
k + (dC − 1) = dimC + dimW
= dim(C +W )− dim(C ∩W )
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C := {(m(α1), . . . ,m(αn))|m ∈ Fq[x]<k}.
.*%ﬀ     ﬁ  'ﬀ %   *#
w(c) = n− |{i ∈ {1, . . . , n}|m(αi) = 0}|
≥ n− degm
≥ n− (k − 1).
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E : Fq[x]<k → Fnq
  ﬃ ﬂ
ﬀ
E(m) = (vi ·m(α1), . . . , vn ·m(αn)).
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m(x) ∈ Fq[x]<k 











ﬀ I : Fq[x]<k → F
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7→m = (m0, . . . ,mk−1).
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N(x)E′(x) = N ′(x)E(x)
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Q(x, y) := (y − f1(x)) · (y − f2(x)) · . . . · (y − fs(x)) ·H(x, y). 4 ﬂ 
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2(k − 1) > n.
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(1, k − 1)−  ﬀ  ! % l,
∀i ∈ [n], Q(xi, yi) = 0,
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1 ≥ l(l + 2)
2(k − 1) .
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(y − f(x)) 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∀i ∈ [n] N(xi)− yiE(xi) = 0.
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deg(E) ≤ n− t,
deg(N) ≤ k − 1 + n− t,
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f(x) ∈ Fq[x] ﬁ ﬀ
≤ k − 1 %'  (y − f(x))|Q(x, y) ﬂ ﬁ Q(x, y) %  * ﬀ " #! 
%' 
xm|Q(x, y) 1 * xm+1 - Q(x, y) 1 #




f(x) = a0 + a1x + . . . + ak−1x
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Q0(x, y) = 〈〈Q(x, y)〉〉.





j = 0, 1, . . . , k − 1 1 % ﬁ % ﬂ #1
f0 := f(x)





= aj + . . .+ ak−1x
k−1−j 4 ﬂ  











f(x) = a0 + . . . + ak−1x


































j ≥ 1 (y − f(x))|Q(x, y)  	 
ﬀ  (y − fj(x))|Qj(x, y) 
 /








(y − f(x))|Q(x, y)   y = aj  	      	
Qj(0, y) = 0,


j = 0, . . . , k − 1.
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y|Qk(x, y)   Qk(x, 0) = 0   f(x) = a0 + . . . +
ak−1x
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Qu(0, y) = 0
ﬂ
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y−ﬀ  ﬁ Q(x, y) ﬀ  ﬀ'% % ﬀ +'% k − 1 ﬂ
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deg[u] < k − 1 : Compute the solutions of Q(0, y) = 0
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k = 2
ﬂ  % ﬀ 1 {18, 6, 7} ﬀ  ﬀ% ﬁ Q0(0, y) ﬂ  ﬀ!   ﬀ'%
   * ﬀﬀ    % 1  ﬂ ﬂ1
Qu(x, 0) = 0
ﬁﬀ %  ﬀ'% ﬂ
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u = 3
% 
   % 1 % %  '% ﬀ
Q3(x, 0) 6= 0  deg[3] = 1 ≮ k−1 = 1 ﬂ
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k−1 ﬀ *  %% ﬂ  % '% 1
g(x)





















( % !  1 % "ﬀ*! ﬁ ! %%  % ﬀﬀ# "" % 1 ﬁﬀ
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F16
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Qu(x, 0) = 0
(2

deg[u] = k − 1 : root found, output it. 4 ﬂ
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= k − 1 ﬂ 2 '    4 ﬂ  %% ﬀ ﬁ ﬂ
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1 
Q6(x, 0) = 0
*
deg[6] = 0 < k − 1 = 1 ﬂ   ﬀ! %  4 ﬂ/  #% 11 
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Q7(x, 0) = 0

deg[7] = 1
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7+11x
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deg g(x) > 0
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ﬀ *  ﬁﬀ
t
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√
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c1, . . . , cS
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L = [n]
1 'ﬀﬀ%"   
n
'ﬀ% ﬁ  ﬀ' 
 'ﬀ ﬂ

  ﬀ'% 
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S ≤ n(t− (k − 1))





t2 > n(k − 1).
1   ,
vi
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) = v2i − vi
S2 − S .
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(v2i − vi) ≤ k − 1.
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vi ≤ (k − 1)(S2 − S).









− (k − 1)
)
≤ t− (k − 1).
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S ≤ n(t− (k − 1))
t2 − (k − 1)n
"ﬀ 
t2 > n(k − 1).
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k − 1 	 	 ﬀ |{i ∈ [n]|f(xi) = yi}| ≥ t 
t >
√
n(k − 1) 
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 ﬂ ﬂ1  ﬀ!  ' #   ! % n(t−(k−1))
t2−(k−1)n
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k − 1  %%ﬁ# |{i ∈ [n]|f(xi) = yi}| ≥ t ﬁﬀ t >
√
n(k − 1) ﬂ
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Q(xi, yi) = 0
ﬁﬀ  {(xi, yi)}ni=1
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k− 1 %'  Q(x, f(x)) ≡ 0 ﬀ $ # (y− f(x)) %  ﬁ'ﬀ ﬁ
Q(x, y)
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Q(xi, yi) = Q(xi, f(xi)) = 0
ﬂ
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yi = f(xi)
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f1(x)
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f1(xi) 6= yi ﬂ
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H(x, y)
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  *%ﬀ   *#  "ﬀ % %%!"%
Q(xi, yi) = 0 ∀i ∈ [n].
('#1 % +" *   1  ﬀ$ﬀ 
Q(x, y)
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 ' "  {(xi, yi)}ni=1






1    
Q(x, y)
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y−ﬀ% ﬁ Q(x, y)     % " #! % ﬂ %
   ﬁﬀ  " #! 
Q(x, y)




%  $ﬀ ﬁ !" '#
r




Q(x, fj(x)) ≡ 0 ﬁﬀ j = 1, 2, . . . , s
.*%ﬀ   '
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Q(x, fj(x)) ≡ 0 % 'ﬀ#
%%# ﬁ  " #! 
p(x) := Q(x, fj(x))
%  %*  *#  " #! 
ﬁ ﬀ ﬀﬀ  % ﬀ ﬂ
p(x)
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x
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fj(x)
%  ! %
k − 1 ﬁﬀ j = 1, 2, . . . , s ﬂ , % '
 % $#
l
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p(x)
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p(x) ≡ 0 ﬁ rt > l ﬂ
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Q(x, y)
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x) ·1+ !+!! ﬀ  y) · (k−1)  ! % l ﬂ  "ﬀ*! % +'# 
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Q
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xiyj
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i + (k − 1)j ≤ l ﬂ %
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U
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U ≈ (l2 + l)/2(k − 1) ﬂ
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(xi, yi)
1  ﬀ$ﬀ   ' ! '% ﬁ ! ! %
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(xi, yi)
%  ﬀ 1     $ﬀ ﬂ ( %%!    %ﬁ ' *  
 " #!  !   %  ﬀ ﬀ%ﬁﬀ!  '   *  "ﬀ  





% !* ﬀ %  !*ﬀ ﬁ ! ! %
xiyj
%' 





 ' *  %!  % ﬁ % ﬂ %  
r




% '%  ﬀ! %   ﬀ
r/2
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nV = nr2/2
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Q(xi, yi) = 0 r
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U ≈ l
2 + l
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(k − 1)n ﬂ %
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Qα,β(x, y) := Q(x + α, y + β)
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(xi, yi)
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(l + 1− (k − 1)j2)
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(x− xi)r ﬃ p(x) := Q(x, f(x)) 
1   ,
f ′(x)
*   " #!    *#
f ′(x) = f(x+ xi)− yi. 2'

f ′(0) = f(xi) − yi = 0 ﬂ  ' f ′(x) = xf ′′(x) 1 ﬁﬀ %!  "#! 
f ′′(x)
ﬂ 2 1 '%ﬀ
p′(x) := Q(i)(x, f ′(x)).





 % % 1 *%ﬀ  
p(x) = Q(x, f(x)) = Q(i)(x−xi, f(x)−yi) = Q(i)(x−xi, f ′(x−xi)) = f ′(x−xi).
2 1 *# '%ﬀ' 1
Q(i)





y = xf ′′(x)
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(x−xi)r  % p′(x−xi) = p(x) ﬂ
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p(x) := Q(x, f(x))
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f(x)
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t2 > (k − 1)n       
r := 1 +
⌊
(k − 1)n +
√
(k − 1)2n2 + 4(t2 − (k − 1)n)
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r2t2 − 1 > (k − 1)n(r2 + r) ﬀ $ #1
r2(t2 − (k − 1)n)− (k − 1)nr − 1 > 0.
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r
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r := 1 +
⌊
(k − 1)n +√(k − 1)2n2 + 4(t2 − (k − 1)n)
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n = 1 −
√
k−1
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1 − √R ≥ 1−R2
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1−√R ≥ 1−√2R ﬁﬀ R ∈ [0, 1] ﬂ
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l(l + 2)/2(k − 1) = O(l2/2(k − 1)) '! '% ﬂ % 1  %$ ﬁ 
! ﬀ+  ﬃ"

%
O(l2/2(k − 1)) ×O(nr2/2).
ﬃ
l := rt − 1  t = √n(k − 1) % %%  "ﬀ" %   ﬂ- 1 
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Qα,β,δ(x, y, z) = Q(x+α, y+β, z+δ)
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Q(x, f(x), g(x)) ≡ 0.   	 
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 A(x, y, z), B(x, y, z)
∈ Fq[x, y, z]  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Q(x, y, z) = A(x, y, z)(y − f(x)) +B(x, y, z)(z − g(x)). - ﬂ-
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P (β, γ) =
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R⇔ 16R4 < R3 ⇔ R < 1/16.
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cPV = (cPV1 , cPV2 , . . . , cPVn) ∈ C1
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cPVj = F (xj) + αG(xj)
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P (y, z) := Q(x, y, z) mod e(x).
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P (β, γ) = 0
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B(x, y, z)z −B(x, y, z)g0(x)−B(x, y, z)e(x)g1(x)
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F (x) = f0(x) + e(x)f1(x)
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rGS = (rGS1 , . . . , rGSn)
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τ1 := 1− 3
√(
k + s− 1
n
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1−√R = τGS < τ2
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(2R − σ)2/3 − σ1/2 = 0. ' ﬂ 
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(2R− σ)−1/3 < 0
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cPV = (cPV1 , . . . , cPVn)
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F (x) = f0(x) + f1(x)e(x) + f2(x)e(x)
2,
G(x) = g0(x) + g1(x)e(x) + g2(x)e(x)
2,
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f0(x) ∈ Fq[x]<k, f1(x) ∈ Fq[x]<s1 , f2(x), g2(x) ∈ Fq[x]<s2 ,
g0(x) = (f0(x))
a mod e(x), g1(x) = (f1(x))
a mod e(x)













cPV = (cPV1 , . . . , cPVn)
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cPVj = F (xj) + αG(xj).

 'ﬀ ﬀ' %   'ﬀ
rPV = (rPV1 , . . . , rPVn)
 '!" %% 
%' 
rPVj = yj + αzj
ﬁﬀ
j = 1, 2, . . . , n.





 '%ﬀ  ﬀ %

(1, 2k+s2−1, . . . , 2k+s2−1) ﬂ % '  ""#  ﬀ ﬀ%/4ﬀ#









 ' 'ﬀﬀ'  ﬁﬀ' ﬁ ﬀﬀﬀ% " 
τ1 = 1− 3
√(











F1(x) = f1(x) + f2(x)e(x)

G1(x) + g1(x) + g2(x)e(x)
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s1, s2 > 0
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ﬁ VX = F2 
% −1 ﬁﬀ 1  1 ﬁﬀ 0 1 *  ' ﬀ'  0.1 ﬀ 0.3 %'  ﬀ' 
y = x + z, x ∈ VX , y ∈ VY , z ∼ N (0, σ2) ﬂ .ﬁ 'ﬀ%    
% ! %% % 
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
ﬀ ﬀ! 1  ﬀ  4ﬀ#   % "ﬀ**%' ﬀ*# ﬁﬀ! /
 ﬁ  '  '%  % ﬁ " %  ﬀ !" '%  
"!  #ﬂ
% '  "ﬀ%  ﬀ/4ﬀ# ﬀ! ﬂ %    ! !ﬀ#/
%% ' 'ﬁ #
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ﬂ     # " "*  VX 1  "
"*  VY   |VX | "ﬀ**#/! %% ﬁ'% ﬀ "ﬀ**#/%#
ﬁ'%   '% '%
f(·|x) : VY → R ﬁﬀ  x ∈ VX .
%  ﬁ ' "  " % ﬀ!  ﬀ*% X  Y 1 ﬀ%" '/
 #ﬂ 0 ﬀ ﬀ  %%!   X % ﬁﬀ! # %ﬀ*  ﬀ VX ﬂ 
'ﬀ ' %# '!"  "ﬀ**# 
α ∈ VX % ﬀ%! 
  
y ∈ VY % ﬀ'  % ﬁ % 
Pr (X = α|Y = y) = f(y|α) Pr(X = α)∑
x∈VX
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ﬀ! ﬀ ﬁ % '"ﬀ 1    %  #+ ﬀﬀ




ﬂ -    ﬀ'   'ﬀ
y = (y1, . . . , yn) ∈ VnY
 '!"
piij := Pr (X = αi|Y = yj) , ﬁﬀ i = 1, . . . , q  j = 1, . . . , n " ﬂ 















































































































α ∈ Fq 
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{(xj , yj)}nj=1 ∈ Fq × Fq











 $ﬀ ﬀ % ﬂ    ﬀ/4ﬀ# ﬀ! 1     '%ﬀ' 
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M
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M
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c
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f(x)
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Q(x, y)
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q × n !ﬀ'%  ﬀ  ﬀ% ﬂ ﬃ" '#'#1 #  'ﬀ
v = (v1, . . . , vn)
 ﬀ
Fq
' *  ﬀ"ﬀ% *# 
q × n ﬀ/  ! ﬀ+
[v]
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SM (v) = 〈M, [v]〉.

 ﬀ%  ﬀ"ﬀ%%  %'ﬀ  % !   +!" ﬂ % %
n = 3, q = 4
ﬂ ,
f(x)
*   ! %% " #!  1
c = (f(x1), f(x2), . . . , f(xn))










 !" '# ! ﬀ+ ﬂ

'   % ﬁ
M















c1 = f(x1) = α3, c2 = f(x2) = α1, c3 = f(x3) = α2
1  ! ﬀ+
[c]
%% '  
c
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m12 m13 m11 0
m22 m23 m21 0
m32 m33 m31 0
m42 m43 m41 0

) = m12 +m23 +m31.
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ﬀﬀ 1 %'
f(x1) = α3, f(x2) = α1, f(x3) = α2
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f(x)
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lwx,wy
1 
(y − f(x))  *   ﬁ'ﬀ ﬁ
Q(x, y)
ﬂ % "ﬀ  % ! ﬀ ﬁﬀ! #   ﬁ  ﬀ! ﬂ
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f(xj) = cj
ﬁﬀ
j = 1, . . . , n
ﬂ %  #















% ﬀ  ! %
k − 1 ﬂ %
ﬀ
SM (c) = 〈M, [c]〉 = m1 +m2 + . . .+mn.

%  " #! 
Q(x, y)
"%%% ﬀ  " 
(xj , cj)
 !/
" '#  %
mj
1 ﬁﬀ




j = 1, 2, . . . , n
1 
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(x− x1)m1 . . . (x− xn)mn
% ﬀ %
SM (c)
ﬂ ﬃ'  ﬀ ﬁ
p(x)
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p(x)
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mij(mij + 1) = C

 .




1     '%
M ∈ M(C) % %
 ! +! $  %'ﬀ ﬁ  ﬀ%!  'ﬀ
c
ﬂ   ﬀ 1  * /
%#    % 'ﬀ ﬂ % #   " ﬁ  '
$                 
(y1, y2, . . . , yn) ∈ VY ﬂ % ' '%ﬀ  ﬀ%!  'ﬀ %  ﬀ/
!  'ﬀ X = (X1, . . . ,Xn) ﬂ  #  "ﬀ**# %ﬀ* P (·) ﬁ
X  %  ﬀ*# ! ﬀ+ Π #  # " ﬂ 1 ! #
P (x1, x2, . . . , xn) :=
n∏
j=1
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M
1  %'ﬀ ﬁ  ﬀ%!  'ﬀ
%  ﬁ' ﬁ X   *# SM (X ) = 〈M, [X ]〉.

% 1
SM (X ) %  ﬀ!  ﬀ* ﬂ 2  $% %   % 
* % '' ﬁ  !" '# ! ﬀ+
M ∈M(C)  % "ﬀ**%' % 
ﬀ  4ﬀ# '% ﬁﬀ % ﬀ ﬀ%% +"  

  1 %' 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M(Π, C)
# % ﬁ %
M(Π, C) :=
ﬀ! +
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P (·)  " ﬂ- ﬂ ﬀ  4ﬀ#    1 !!  '    %ﬁ +"ﬀ%%
ﬁﬀ  +" ' %'ﬀ 1 ! #
EP {SM (X )} = 〈M,Π〉. " ﬂ/
ﬃ' X % %ﬀ* ''ﬀ  " ﬂ- 1   ﬀ*# ! ﬀ+ Π %
"ﬀ'%#  +" '   ﬁ
[X ] ﬂ " ﬂ/  ﬁ % *# ﬀ# ﬁ +" '/
 
EP {SM (X )} = EP {〈M, [X ]〉} = 〈M,EP {[X ]}〉 = 〈M,Π〉.
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(i, j)








mij := mij + 1
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% *%ﬀ %   
ﬁ  ﬀ! ﬁﬀ  '!" ﬁ  !" '# ! ﬀ+
M
ﬂ
, M(Π, s)   !" '# ! ﬀ+ "ﬀ' *# % ﬀ!
ﬁﬀ    ﬀ*# ! ﬀ+
Π
    !*ﬀ ﬁ ﬀ"  " %
s
'   !" '% ﬂ
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M(Π, s) = argmaxM∈M(C)〈M,Π〉.
1   %  ' " %
(i, j)
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area(Bijl) = length(Bijl) · height(Bijl) = piij .
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σ(M) := {Bijl : 1 ≤ i ≤ q, 1 ≤ j ≤ n, 1 ≤ l ≤ mij}.
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(dt − nd+ 2t− 2− d)
2(nd− t2 + 2t− 1) −√
(4− 8t− 4ndt− 4d+ d2 + 4nd+ 8dt + 4t2 − 2d2tn− 2d2t+ 10nd2 + d2t2 − 4dt2 + n2d2))
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